Abstract. We prove that any Banach space X whose Banach-Mazur distance to a Hilbert space is less than
Let C be a nonempty closed convex subset of a Banach space X. A mapping T : C → C is said to be nonexpansive if T x − T y ≤ x − y for any x, y ∈ C. A nonempty weakly compact convex set C is said to have the fixed point property if every nonexpansive T : C → C has a fixed point. X is said to have the fixed point property if every nonempty weakly compact convex subset C of X has the fixed point property.
Let C be a nonempty weakly compact convex subset of X and T : C → C be nonexpansive. A closed convex nonempty subset K of C is said to be minimal for T if T (K) ⊆ K and for any nonempty closed convex subset K of K,
Since C is weakly compact, C has a minimal subset. Hence we can assume that C is minimal for T . Recall that a sequence {x n } in C is called an approximate fixed point sequence (afps in short) for T if lim n→∞ |x n − T x n | = 0.
It is known that if T is a nonexpansive mapping on a bounded convex set, then T has an afps. Karlovitz [Ka] proved the following theorem. Theorem 1. Let (K, | · |) be a minimal weakly compact convex set for a nonexpansive mapping T . For any apfs {x n } of T and any y ∈ K,
Using Theorem 1, one can easily prove that the 2 with the norm
has the fixed point property. In [A] , Alspach showed that L 1 does not have the fixed point property. In [M] , Maurey introduced the ultraproduct technique and 3574 PEI-KEE LIN he proved c o and every reflexive subspace of L 1 have the fixed point property (also see [ELOS] ). Recently, Domíngues Benavides, Jiménez-Melado and Llorens-Fuster [DB] , [JMLF] showed that X has the fixed point property if the Banach-Mazur distance from X to a Hilbert space is less than 2 + √ 2. From their proofs, it is natural to ask that whether X has the fixed point property if the Banach-Mazur distance from X to 2 is 2. (It is still open as to whether every isomorph of 2 has the fixed point property.) In this article, first, we give a simple proof of Jiménez-Melado and Llorens-Fuster's result. Then we use it to show that X has the fixed point property if its distance to a Hilbert space is less than 5+ √ 13 2 (≈ 2.07). For the background and information on the fixed point property, see [AkK] , [ELOS] and [GK] .
Suppose that there is a Banach space X such that X is isomorphic to p for some 1 < p < ∞, and X does not have the fixed point property. Let | · | denote the norm of X = p , 1 < p < ∞, and K a nonempty weakly compact convex set of X so that there is a nonexpansive mapping T on (K, | · |) which has no fixed point.
Without loss of generality, we assume that for any x ∈ X,
Let ∞ (X) denote the set [y n ] : y n ∈ X and {|y n |} ∈ ∞ with the norm [y n ] ∞(X ) = sup n |y n | and let c o (X) be the closed subspace [y n ] : y n ∈ X and {|y n |} ∈ c o of ∞ (X). Set
Clearly, K is a closed convex subset of X and it contains the set {[x] : x ∈ K} which is isometrically isomorphic to K. Let T : K → K be the mapping defined by
Since T is nonexpansive on K, T is a well-defined nonexpansive mapping on K. Moreover, if {x n } is an afps, then [x n ] is a fixed point of T .
Let {x n } be any fixed afps of T . By passing to a weakly convergent subsequence of {x n }, and then translating K, we may assume that {x n } converges to 0 weakly (so 0 ∈ K). For convenience, we assume that diam (K) = 1 and we denote the fixed point [x n ] byx. For any 0 < t < 1, let W t be the smallest invariant closed convex subset of K of T which contains tx (we do not know whether this W t is minimal or not). Before proving Jiménez-Melado and Llorens-Fuster Theorem, we need the following two lemmas.
converges weakly to w ∈ K , then lim n→∞ |w n −w| = t and lim sup k→∞ |x n k −w n k +w| ≥ 1 − t.
Proof. Note: we assume that K is minimal for T and diam (K) = 1. By Theorem 1, we have
We claim that lim sup
(1) follows from the fact that the intersection of K and the closed ball in X centered at x of radius 1 − t is invariant under T and it contains t x.
Proof of (2). Note: T is nonexpansive. For any sequence {y n } in C,
If (2) 
and finally
and for any 0 < α < 1, 
Since K is weakly compact, there is a weak cluster point x of {x m } ∞ m=1 in K. By the Hahn-Banach Theorem, we have
Assume that (b) is not true. Then there exists a subsequence {w
which contradicts (1). The same argument shows that (a) and (c) must hold.
The first part of (d) follows from (2). Let {w n k } be a subsequence of {w n } which converges weakly to w ∈ K. Then (by (2) and (c) of Lemma 2)
The proof is complete. 
Lemma 3. Suppose that X is a Banach space such that
Proof. It is known that if {z n } is weakly null sequence in p and z ∈ p , then lim sup
Since {x n } ∞ n=1 and {w n k − w} 
(
by (4.b). (10) By (5)- (10), we get
Theorem 4 (Jiménez-Melado and Llorens-Fuster). For 1 < p < ∞, let C p > 1 be the smallest positive solution of the equation
If the Banach-Mazur distance from X to p is less than (C p ) 1 p , then X has the fixed point property.
Proof. Suppose that (X, | · |) does not have the fixed point property. For any B < d(X, p ), we may assume that x p ≤ |x| ≤ B x p .
For 0 < t < 1, let W t be the set defined in Lemma 2. Since W t is an invariant closed convex subset for T , it contains an apfs. By Theorem 1, for any > 0, there is [w n ] ∈ W t such that lim inf
For > 0, let (w n ) be an element in W t such that [w n ] X > 1 − . Since K is weakly compact, there is a subsequence {w n k } of {w n } which converges weakly to w ∈ K. By passing to further subsequences of {w n } and {x n }, we can assume that |w n k | ≥ 1 − for all k and all the following limits
exist. By (11) and Lemma 3, we have
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Now, let approach to 0. We have
which yields
Hence we have
The proof is complete.
One can easily get the following corollary. First, we note that W t has no fixed point for T (by Theorem 1 and Lemma 2(d)). Let {x n } be an fixed approximate sequence. For 0 < t < 1, W t is defined as above. Suppose that there is B such that for any x ∈ X, x p ≤ |x| ≤ B x p . We are interested in the number
In (11), we used the trivial estimate i.e. E t ≥ 1 B . The following theorem shows that we can have a better estimate if p = 2. Using this result, we prove that if
, then X has the fixed point property.
Theorem 6. If the Banach-Mazur distance from X to 2 is less than
Proof. Let D = inf{lim inf n→∞ y n − y p : {y n } is an afps and {y n } converges to y weakly}.
We claim that if p = 2 and if x 2 ≤ |x| ≤ B x 2 for all x ∈ X, then D 2 ≥ 1 B 2 −1 . Assume that the claim were proved. Subclaim: for any 0 < t < 1 and any > 0, there is [w n ] ∈ W t such that [w n ] X > D − .
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Suppose that the subclaim is not true. Then there is an afps {[w 
This implies (note: B > 1) that
Hence we only need to prove our claim. Proof of claim. First, let us pretend that we have (a) there exists an apfs {x n } such that, for all n ∈ N, x n 2 = D. (b) there is a vector w t = [w t n ] in W t such that w t n 2 ≥ D for all n ∈ N. Fix a t and let O = 0, P = x n , Q t = t x n and R t = w t n . Consider the triangle P Q t R t . Let α t , β t , γ t denote the three angles ∠P Q t R t , ∠Q t R t P, ∠R t P Q t = ∠R t P O, respectively. We would like to estimate the least upper bound of cos γ t . It is easy to see that the worst case is w t n = D. Hence if t ↑ 1, R t approaches to P and lim inf t↑1 γ t ≥ π 2 . In other word, we have lim t↑1 cos γ t ≤ 0. Now, let us do the estimate of cos γ t . By approximation, we may assume that (at least for n large enough)
(1 − t)x n 2 = (1 − t)D,
x n − w n 2 ≤ 1 − t.
By Lemma 2(a), the distance in | · | norm from P to any point on the segment Q t R t is 1 − t. Hence the distance in | · | norm from P to any point on the line which contains Q t and R t is at least 1 − t. This implies the distance in · 2 norm from P to any point on the line which contains Q t and R t is at least 
